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Abstract A current-step technique is applied to the

plasma focus by modifying the Lee Model code, incorpo-

rating a current-step bank to add current to the focus pinch

at the time of the current dip. For a 50 kV, 1 MJ, 6 ls rise-

time bank, the current-step from a 200 kV, 0.4 MJ, 0.8 ls

rise-time bank maintains the pinch current at 2.2 MA,

enhances compression by 1.9 and increases the neutron

yield from 2.5 9 1012 to 1.03 9 1013. The increase is

attributed mainly to the step nature of the current which

favorably shifts the end-point of compression; rather than

to the scaling in terms of energy or current.

Keywords Current-step plasma focus � Plasma focus

modeling � Focus pinch compression enhancement �
Neutron enhancement technique � Plasma focus new

technology

Introduction

The concept of using energy balance and pressure balance

to define the endpoint of a pinch compression was intro-

duced in 1983 [1]. The procedure when applied to an argon

pinch produced numerical results in agreement with

experiments [2]. Based on the same considerations a

current-stepping technique to enhance pinch compressions

was suggested in 1984 [3]. The step nature of the current

applied just before the end-point of compression favorably

shifts the end-point to one of higher compression. Com-

putations showed that such a current-step enables the pinch

to be driven to a smaller radius ratio than without the

current-step. A current-step pinch was built to demonstrate

this effect [4, 5]. The conceptual work was generalized to

show that a plasma sphere radially compressed by radiation

also attains a smaller radius when the compression is

provided in two steps rather than by a single pulse [6]. We

now apply this concept to a plasma focus.

In the operation of a plasma focus [7] a capacitor dis-

charge current is used to drive a current sheet down a

coaxial tube. At the end of this axial phase the current sheet

then sweeps around the central electrode, the anode, accel-

erating radially until a pinch is formed on-axis. The axial

phase serves to delay the radial collapse until the current has

reached peak value so that the compression and the pinch

occur near the peak current. Typically for a large focus the

current rise-time takes several microseconds flattening

towards the top like a damped and distorted sinusoidal

waveform followed by a relatively sharp (hundreds of ns)

dip in the current as the energy is pumped from the magnetic

field to strongly compress and heat the plasma.

In an efficient device such as the PF1000 the current is

dropped by almost 40% (see Fig. 1) [8]. It is surmised that

at this time of current dip it may be beneficial if an addi-

tional current is provided so that the current driving the

compression and pinch is not reduced so drastically.

Moreover according to energy balance and pressure bal-

ance described in earlier work the end-point of compres-

sion is shifted to a smaller radius by such a current-step.

These balances of energy and pressure are implicit in any

correctly formulated numerical scheme. We now model
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such an additional current step applied to the plasma focus.

We start with the basic Lee Model code briefly discussed in

the next paragraphs.

The Lee model code couples the electrical circuit with

plasma focus dynamics, thermodynamics and radiation,

enabling realistic simulation of all gross focus properties.

The basic model, described in 1984 [9] was successfully

used to assist several projects [10–14]. Radiation-coupled

dynamics was included in the five-phase code leading to

numerical experiments on radiation cooling [13]. The vital

role of a finite small disturbance speed discussed by Potter in

a Z-pinch situation [15] was incorporated together with real

gas thermodynamics and radiation-yield terms. This version

of the code assisted other research projects [16–24] and was

web-published in 2000 [25]. Plasma self-absorption was

included in 2007 [25] improving SXR yield simulation [26–

31]. The code has been used extensively in several machines

including UNU/ICTP PFF [10, 13, 14, 16, 18–24, 31–35],

NX2 [17, 18, 36], NX1 [18, 34, 37], and adapted for the

Filippov-type plasma focus DENA [38]. A recent develop-

ment is the inclusion of the neutron yield, Yn, using a beam–

target mechanism [8], incorporated in recent versions [39] of

the code (versions later than RADPFV5.13), resulting in

realistic Yn scaling with Ipinch [40–43]. The versatility and

utility of the model is demonstrated in its clear distinction of

Ipinch from Ipeak [44] and the recent uncovering of a plasma

focus pinch current limitation effect [45, 46]. The descrip-

tion, theory, code and a broad range of results of this

‘Universal Plasma Focus Laboratory Facility’ is available

for download from [39, 47].

A brief description of the code is given below. The five

phases are summarised as follows with the description

modified to include the current-step circuit:

1. Axial phase: Described by a snowplow model with an

equation of motion which is coupled to two circuit

equations accounting for the two capacitor banks. The

equation of motion incorporates the axial phase model

parameters: mass and current factors fm and fc [11, 48,

49]. The mass swept-up factor fm accounts for not only

the porosity of the current sheet but also for the

inclination of the moving current sheet-shock front

structure and all other unspecified effects which have

effects equivalent to increasing or reducing the amount

of mass in the moving structure [49–51] during the

axial phase. The current factor, fc, accounts for the

fraction of current effectively flowing in the moving

structure (due to all effects such as current shedding at

or near the back-wall, current sheet inclination). This

defines the fraction of current effectively driving the

structure, during the axial phase.

2. Radial inward shock phase: Described by five coupled

equations using an elongating slug model. The first

equation computes the radial inward shock speed from

the driving magnetic pressure. The second equation

computes the axial elongation speed of the column.

The third equation computes the speed of the current

sheath, also called the magnetic piston, allowing the

current sheath to separate from the shock front by

applying an adiabatic approximation. The fourth and

fifth are the circuit equations of the two capacitor

banks. Thermodynamic effects due to ionization and

excitation are incorporated into these equations, these

effects being important for gases other than hydrogen

and deuterium. Temperature and number densities are

computed during this phase. A communication delay

between shock front and current sheath due to the finite

small disturbance speed is crucially implemented in

this phase. The model parameters, radial phase mass

swept-up and current factors, fmr and fcr, are incorpo-

rated in all three radial phases. The mass swept-up

factor fmr accounts for all mechanisms which have

effects equivalent to increasing or reducing the amount

of mass in the moving slug, during the radial phase.

The current factor, fcr, accounts for the fraction of

current effectively flowing in the moving piston

forming the back of the slug (due to all effects). This

defines the fraction of current effectively driving the

radial slug.

3. Radial reflected shock (RS) phase: When the shock front

hits the axis, because the focus plasma is collisional, a

reflected shock develops which moves radially out-

wards, whilst the radial current sheath piston continues

to move inwards. Five coupled equations are also used to

describe this phase, these being for the reflected shock

moving radially outwards, the piston moving radially

inwards, the elongation of the annular column and the

two circuit equations. The same model parameters, fmr

and fcr, are used as in the previous radial phase. The

Fig. 1 PF1000 discharge current computed and fitted to measured

current [8]. The axial phase ends at 7.6 ls and the current starts

dipping at 7.9 ls at 1,800 kA dropping to 1,130 kA at 9.3 ls
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plasma temperature behind the reflected shock under-

goes a jump by a factor nearly 2.

4. Slow compression (quiescent) or pinch phase: When

the out-going reflected shock hits the in-going piston

the compression enters a radiative phase in which for

gases such as neon, radiation emission may actually

enhance the compression where we have included

energy loss/gain terms from Joule heating and radia-

tion losses into the piston equation of motion. Four

coupled equations describe this phase; these being the

piston radial motion equation, the pinch column

elongation equation and the two circuit equations,

incorporating the same model parameters as in the

previous two phases. Thermodynamic effects are

incorporated into this phase. The duration of this slow

compression phase is set as the time of transit of small

disturbances across the pinched plasma column. The

computation of this phase is terminated at the end of

this duration.

5. Anomalous resistance phase and expanded column

phase: To simulate the current trace beyond this point

we allow the column to suddenly attain the radius of the

anode, and use the expanded column inductance for

further integration. For simplicity we have not included

the anomalous resistance phase [52] into this current-

step modelling. This will be considered in a later project.

Theory

Two capacitor banks, in parallel, are connected to a plasma

focus tube (Fig. 2). The first capacitor bank, C1, L1, r1 is

switched onto the plasma focus at time t = 0. The second

capacitor bank, C2, L2, r2, is switched after an interval of

time ts. Time of switching, ts is distance controlled. For

example ts may be the time when the current sheet has

reached say 0.9 of the axial phase; i.e., when z = 0.9z0; or

ts may be the time after the end of the axial phase, when the

current sheet has reached say 0.7 of the anode radius i.e.,

when rp = 0.7a. In either case it is readily seen that in

order for the current step to be effective, its rise-time must

be shorter than the rise-time of the first capacitor bank.

Axial Phase

This phase is characterized by the linearly (with axial

distance) increasing nature of the tube inductance L ¼
l

2p lnðb=aÞzðtÞ as the current sheet moves down the tube

carrying a fraction fc of the capacitor discharge current.

Hence
dL

dt
¼ La

z0

dz

dt
where La ¼

l
2p

ln
b

a
z0:

The current fc(I1 ? I2) drives the plasma sheath to a

speed dz/dt. Using a modified snowplow model assuming

fraction fm of the encountered mass is swept up, the

equation of motion may be written as: (with C = b/a)

d2z

dt2
¼

f 2
c

fm
La

z02pq0ðC2�1Þ
I1þI2

a

� �2� dz
dt

� �2
h i

z
ð1Þ

The equation governing the first capacitor bank is written

down using mesh C1 - L1 - r1 - Lp:

dI1

dt
¼

V1 �
R

I1dt

C1
� La

z0
fcðI1 þ I2Þ dz

dt �
La

z0
fcz dI2

dt � r1I1

� �

L1 þ fc
La

z0

h i ð2Þ

The equation governing the second capacitor bank is

written down using the mesh C2 - L2 - r2 - Lp:

dI2

dt
¼

V2 �
R

I2dt

C2
� La

z0
fcðI1 þ I2Þ dz

dt �
La

z0
fcz dI1

dt � r2I2

� �

L2 þ fc
La

z0
z

h i ð3Þ

During the axial phase these three equations (1)–(3) are the

generating equations, coupled together to solve the three

unknowns I1, I2 and z.

However before the second capacitor bank is switched

on, I2 = 0, dI2/dt = 0; and effectively only two equations

operate namely that governing the first capacitor bank and

the axial equation of motion.

An additional useful equation may be written for the

tube voltage as:

V ¼ d

dt
ðLIfcÞ ¼

La

z0

fcðI1 þ I2Þ
dz

dt
þ fc

La

z0

z
dI1

dt
þ dI2

dt

� �
ð4Þ

Fig. 2 Schematic of the current-stepped PF. The main bank with

components C1, L1 and r1 is switched by S1 onto the anode, with mesh

current I1. The current taking part in the plasma dynamics is fcI1 with

(1 - fc)I1 being a leakage current. Just before peak I1, the current-step

bank with C2, L2 and r2 is switched by S2 onto the anode, with mesh

current I2. The total current flowing into the anode is I = I1 ? I2. The

current taking part in the plasma dynamics is fc(I1 ? I2); shown in this

figure flowing in the axial phase. The leakage path of remnant current

(1 - fc)(I1 ? I2) is not shown
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Radial Phase

drs

dt
¼ � lðcþ 1Þ

q0

� �1=2
fcrffiffiffiffiffiffi
fmr

p ðI1 þ I2Þ
4prp

ð5Þ

dzf

dt
¼ � 2

cþ 1

� �
drs

dt
ð6Þ

where we are reminded: rp = radial piston position,

rs = radial shock front position, zf = axial piston position

During the radial phase these five equations (5)–(9) are the

generating equations, coupled together to solve step-by-

step the five unknowns I1, I2 and zf, rp and rs.

The tube voltage across the PF is calculated using the

following equation:

V ¼ fcr
La

z0 ln C
z0 ln C þ lnðb=rpÞzf

	 
 dI1

dt
þ dI2

dt

� �

þ lnðb=rpÞ
dzf

dt
� zf

rp

drp

dt

� �
I1 þ I2½ � ð10Þ

A signal communication time correction is applied in this

phase by coupling the small disturbances speed.

Reflected Shock Phase

Reflected shock speed ¼ �0:3
drs

dt

� �

on�axis

ð11Þ

Piston speed:

drs

dt
¼

2
cþ1

rs

rp

drs

dt �
rp

cðI1þI2Þ 1� r2
s

r2
p

� �
dI1

dt þ
dI2

dt

� �
� 1

cþ1

rp

zp
1� r2

s

rp

� �
dzf

dt

c�1
c þ 1

c
r2

s

r2
p

ð12Þ

Column elongation speed:
dzf

dt
¼ � 2

cþ 1

� �
drs

dt

� �

on�axis

ð13Þ

To compute dI1

dt and dI2

dt we use (8) and (9).

Equations (8), (9), and (11)–(13) are the five generating

equations for this phase which are coupled. These are

solved simultaneously by a step-by-step method for the five

unknowns I1, I2, zf, rp and the reflected shock speed with

rs = 0.

The tube voltage equation is (10) except put
drs

dt

� �
¼ 0:

When the radially out-going RS hits the ‘magnetic pis-

ton’ rp, the RS phase ends and the computation moves to

the slow compression or pinch phase.

drp

dt
¼

2
cþ1

� �
rs

rp

drs

dt � 1� rs

rp

� �2
� �

dI1

dt þ
dI2

dt

� �
� 1

cþ1

� �
rp

zf

� �
1� rs

rp

� �2
� �

dzf

dt

� �

c�1
c þ 1

c
rs

rp

� �2
� � ð7Þ

dI1

dt
¼

V1 �
R

I1dt

C1
� r1I1 � fcrLa 1þ zf lnðb=rpÞ

z0 ln C

� �
dI2

dt �
fcrLaðI1þI2Þ

z0 ln C lnðb=rpÞ dzf

dt �
zf

rp

drp

dt

� �

L1 þ fcrLa 1þ zf

z0

lnðb=rpÞ
ln C

� � ð8Þ

dI2

dt
¼

V2 �
R

I2dt

C2
� r2I2 � fcrLa 1þ zf lnðb=rpÞ

z0 ln C

� �
dI1

dt �
fcrLaðI1þI2Þ

z0 ln C lnðb


rpÞ dzf

dt �
zf

rp

drp

dt

� �

L2 þ fcrLa 1þ zf

z0

lnðb=rpÞ
ln C

� � ð9Þ
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Pinch Phase

In the slow compression or pinch phase we have a very

dense hot plasma where the radiation loss from the plasma

may affect the dynamics and when the loss is severe

enough may lead to radiation collapse. This effect is

however opposed by the Joule heating term which heats the

plasma and tends to increase the radius of the confined

plasma. To allow for the interaction of the energy gain/loss

term Q with the dynamics of the column we couple Q to

the dynamics and obtain the following equation governing

the boundary rp of the column:

drp

dt
¼
�rp

cI
dI
dt � 1

cþ1

rp

zf

dzf

dt þ
4p c�1ð Þ

lczf

rp

f 2
c I2

dQ
dt

c�1
c

ð14Þ

where we have written I = I1 ? I2.

Column elongation We also compute the elongation of

the column as being driven fully by the plasma pressure:

dzf

dt
¼ l

4p2ðcþ 1Þqo

� �1=2Ifc

rp
ð15Þ

The four equations (8), (9), (14) and (15) are considered as

the generating equations for this phase, coupled together and

are solved step-by-step for the four unknowns I1, I2, zf, and rp.

Together with the following equations needed to deter-

mine Q at each point.

To compute the Joule heating we use: (with

Z = effective charge number)

dQJ

dt
¼ RðI1 þ I2Þ2f 2

cr where R ¼ 1290Zzf

pr2
pT3=2

T ¼ l
8p2k

ðI1 þ I2Þ2f 2
c =ðð1þ ZÞN0a2fmrÞ

To compute the radiation loss we include

Bremsstrahlung and line as follows:

The Bremsstrahlung loss term is written as:

dQB

dt
¼ �1:6� 10�40N2

i pr2
p

� �
zf T

1=2z3

N0 ¼ 6� 1026 q0

M
; Ni ¼ Nofmr

a

rp

� �2

where M = molecular weight and q0 = ambient density.

The line radiation loss term may be written as:

dQL

dt
¼ �4:6� 10�31N2

i ZZ4
n pr2

p

� �
zf =T

where Zn = atomic number, and

dQ

dt
¼ dQJ

dt
þ dQB

dt
þ dQL

dt

where dQ
dt is the total power gain/loss of the plasma column.

By this coupling, if, for example, the radiation loss
dQB

dt þ
dQL

dt

� �
is severe, this would lead to a large value of

drp

dt

inwards. In the extreme case, this leads to radiation col-

lapse, with rp going rapidly to zero, or to such small values

that the plasma becomes opaque to the outgoing radiation,

thus stopping the radiation loss.

This radiation collapse occurs at a critical current of

1.6 MA (the Pease–Braginski current) for deuterium. For

gases such as Neon or Argon, because of intense line

radiation, the critical current is reduced to even below

100 kA, depending on the plasma temperature. Plasma self

absorption is also included.

For the tube voltage we continue to use (10).

The Results

This code was based on the 5-phase code version 5.15d

[39] but terminated at the end of the pinch phase. To show

the effect of current-stepping we choose a MJ bank which

was designed and optimized in a previous exercise [41].

Capacitor Bank 1 (0.97 MJ)

L0 = 36 nH, C0 = 777 lF, V0 = 50 kV, r0 = 0.83 mX
matched to the following PF tube combination:

b = 23.44 cm, a = 16.86 cm, z0 = 35 cm operated at

P0 = 10 Torr with the following model parameters:

fm = 0.13, fc = 0.65, fmr = 0.35 and fcr = 0.65.

Capacitor Bank 2 (the Current-Stepping Bank, 0.4 MJ)

L0 = 10 nH, C0 = 20 lF, V0 = 200 kV, r0 = 2.2 mX
stepped at time during the radial phase when the piston has

reached rp = 0.34 i.e., close to the maximum compression.

The choice of this combination is based on the following

considerations. From earlier work it was decided not to go

to too high a voltage for the main bank since in the beam

target model at operating voltage of 50 kV, the effective

beam energy is close to 150 keV where the D–D fusion

cross section with energy curve is already flattening and no

longer gaining much with further increase in beam energy.

For the second bank we tested various combinations and

eventually found a reasonably effective one using the

lowest practicable inductance of 10 nH. This bank has a

rise-time of 0.8 ls which is found to be effective for the

radial phase duration of just over 2 ls. Tests include

choosing the value of C2 then moving the switching time

looking for optimum Yn.

The results are shown in Fig. 3. When the main bank is

fired without switching the current-step bank, the current is

seen to dip strongly (from just past 6 ls to just past 8 ls as

shown in curve labeled ‘I1’). The Yn is 2.5 9 1012. When the

current-step bank is switched on at rp = 0.34a its current

J Fusion Energ (2012) 31:603–610 607
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‘I2’ is displayed. The result of switching the current-step

bank is that the main bank current labeled ‘I1 with CS’ is

seen to drop faster as a result of part of the current from the

current-step bank flowing into the main bank. Nevertheless

the total current I = I1 ? I2 entering the PF is increased.

For this current-step configuration the switch timing is not

critical with a range of switching from rp = 0.33a to

rp = 0.43a producing optimum Yn at 1.03 9 1013.

The effect of the current-step is most marked on the

radial trajectory of the current sheet (piston) after the

switching of the current-step (see Fig. 4). Without

switching the current-step (see curve ‘piston0’), minimum

pinch radius rmin reaches 36.8 mm whilst with the current-

step (see curve ‘piston’) the pinch compression is more

severe, rmin reaching 27 mm. The pinch density is

increased by 1.9 times. This increase in compression con-

tributes to the increase in Yn.

Summarizing, the main bank (0.97 MJ) had been opti-

mized to yield D–D neutrons per shot of 2.5 9 1012. With

the addition of the current-step bank of energy (0.4 MJ) Yn

is boosted by a factor of 4 to 1.03 9 1013. The current-step

is switched on 0.8 ls before the start of the pinch which

has a duration of 320 ns. The increase in pinch current

Ipinch is maintained throughout the period of the pinch.

Without current-step, Ipinch dropped from 1.7 to 1.6 MA;

whilst with current-step Ipinch is still at a level of 2.2 MA at

the end of the pinch. A study of the scaling laws [40, 41,

50, 51] shows that the increase in Yn is significantly beyond

the scaling according to energy or currents. Hence it may

be concluded that the step nature of the current [3–5] is

largely responsible for the significantly enhanced Yn as

predicted by the favorable shift of the endpoint of the pinch

due to the current-step.

Conclusion

The concept of using energy balance and pressure balance

to define the end-point of a pinch predicts that a step-

current shifts the final pinch radius to a smaller value thus

enhancing compression and neutron yield. This concept is

applied to the plasma focus with the implementation of a

current-stepping circuit onto the Lee Model code. For a

50 kV, 1 MJ, 6 ls rise-time bank, the current-step from a

200 kV, 0.4 MJ, 0.8 ls rise-time bank maintains the pinch

current at 2.2 MA, enhances compression by 1.9 and

increases the neutron yield by a factor of 4 from 2.5 9 1012

to 1.03 9 1013. The increase is attributed mainly to the

step nature of the current which favorably shifts the end-

point of compression; rather than to the scaling in terms of

energy or current. The current-step technique may be

useful to compensate for the deterioration [42, 50, 51] of Yn

scaling law with energy. This may be useful for scaling up

the plasma focus for fusion energy applications and for

fusion-reactor related materials studies [8, 53, 54].
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